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1 Overview of Complex Quantities
A complex number z can be represented in two equivalent ways:

zZ=x+w

where

and amplitude r and phase angle 6

r=/x2+y? = |7|

0 = arctan(y/z)

This can be visualized in the (complex) z-y plane, as in Figure 1. Finally, there is the Euler

relation:

e’ = cosf +1sin 6

(One can, for example, see this result by making a MacLaurin expansion of both sides.) We
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Figure 1: The x-y plane. The real axis is x and the imaginary axis is y.

also see that

r? =22 = ]2\2

where z* = — 1y = re™ is the complex conjugate of z, where 2 is replaced by —¢. Finally,
the following notation is often used: One can write the real part of z as x = R(2) and the
imaginary part of z as y = (2).



2 Impedance of Circuit Components

The role of resistance R in Ohm’s Law can be genralized to that of impedance, Z. Here, we
will use complex quantities in the calculations, which we donote with “~”, for example Z.
We can extract the physical amplitude and phase information from any complex result using
the re form.
An AC source of emfcan be represented by V = Ve®!. We connect this across a capacitor
C'. If we differentiate our basic relation C' = Q/V or Q = CV with respect to time, we get
= C(dV/dt). In complex form, this becomes

wt

iVeWt = 1wCV
dt

I=C
Thus, we have an expression of the form V = I Z¢, analogous to Ohm’s Law (V = IR), for
the impedance of a capacitor, Z¢, by making the identification Zo = 1/(rwC). Sometimes,
the reactance X¢ is defined as the imaginary part of Zo: X¢ = 1/(wC).
Similarly, for an inductor L,
~ d

d -~ -
L—I=L—Ie“" =wLIl
V = i i e X0,

So again the form of Ohm’s Law is satisfied if we make the identification Z; = 1wL. Here,
XL =wl.

Finally, a resistor has a (real) impedance Zr = R, and Xz = R. The following table
summarizes the component impedances:

’ component ‘ Z ‘
resistor R
capacitor | —i/(wC')
inductor wl

3 Combining Impedances

The nice thing about this approach is that the impedances can be combined algebraically fol-
lowing exactly the same rules as we developed for combining ordinary resistances: Impedances
in series add and impedances in parallel add as reciprocals. So, for example, two capacitors
in parallel would have an equivalent impedance given by 1/Z, = 1/Z; 4+ 1/Z,. Using our
definition Zo = —1/wC, we then recover the familiar expression C, = C; + Cy. So we have
for any two impedances in series (clearly generalizing to more than two):

Zo=71+ Zy

And for two impedances in parallel:

Zy= 12 +1/2,) = 7
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Figure 2: The generalized voltage divider.

Similarly, our result for a voltage divider from Chapter 25 generalizes (see Fig. 2) to

~ ~ Z
%ut:%n[~ 2~1
Z1 4 Zy

Now we are ready to apply this technique to some examples.

3.1 A High-Pass RC Filter

The configuration we wish to analyze is shown in Fig. 3.
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Figure 3: A high-pass filter.

We add Z¢ and Zp to get the series impedance. Following the general case above, we
find that the potential, V,, is then:

Vo = Vi [R_fjw]

At this point our result is general, and includes both amplitude and phase information.
Often, we are only interested in amplitudes. We can divide by Vi, on both sides and find



the amplitude of this ratio (by multiplying by the complex conjugate then taking the square
root). The result is often referred to as the transfer function of the circuit, which we can
designate by T'(w). )

Vour|  Vou wRC
T(w) = —= B o 72
This is plotted in Figure 4 for RC' = 1/200, or a cutoff frequency of f. = 1/(2m RC) =
200/27 = 31.8 Hz, or w. = 200 rad/s. Note that the current is just V. /R.
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Figure 4: Transfer function T" versus w = 27 f for the high-pass filter. Here, RC' = 1/200 s.

3.2 A Low-Pass RC Filter

If we interchange the capacitor and resistor in the circuit above, we get instead a low-pass
filter. In this case, the transfer function is

1
[1+ (wRC)2)'?

T(w) =

3.3 An RLC Circuit Example

We can apply our technique of impedance to increasingly more intricate examples, with no
more effort than a commensurate increase in the amount of algebra. The RLC circuit of Fig.
5 exemplifies some new qualitative behavior.

We can again calculate the output using our generalized voltage divider result. In this
case, the Z; consists of the inductor and capacitor in series, and Z, is simply R. So,

7y = wL —1/(wC) = L <w2 — w§>
w
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Figure 5: A RLC circuit. Several filter types are possible depending upon how V, is chosen.
In the case shown, the circuit gives a resonant output.

where we have defined the LC' resonant frequency wy = 1/+/LC. We then obtain for the
transfer function:

|‘~/0ut| _ R _ Wy

Vil B IR+ 74| [w2y? + (w? —w§)2]1/2

where v = R/L is the “R-L frequency” and 1/y =7 = L/R is the R-L time constant.

Figure 6 is a plot of T(w) for the choices wy = 250 rad/s and v = R/L = 10 s*. T(w)
indeed exhibits a resonance at w = wy. The quality factor @), defined as the ratio of wy to
the width of the resonance is given by @ ~ wy/(27) for v < wy. Such circuits have many
applications. For example, a high-@Q circuit, where V;,(#) is the signal on an antenna, can be
used as a receiver.
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Figure 6: Transfer function T as a function of w = 27 f for wy = 250 rad/s and v = R/L = 10
-1
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